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Abstrat
The non-equilibrium tunnel transport proesses are onsidered in a
square lattie of metalli nanogranules embedded into insulating host.
Based on a simple model with three possible harging states (±, or 0) of a
granule and three kineti proesses (reation or reombination of a ± pair,
and harge translation) between neighbor granules, the mean-eld kineti
theory is developed, whih takes aount of the interplay between harg-
ing energy and temperature and between the applied eletri eld and the
Coulomb elds by non-ompensated harge density. The resulting harge
and urrent distributions are found to depend essentially on the partiular
onditions in a granular layer, namely, in a free area (FA) or in ontat
areas (CA) under marosopi metalli ontats. Thus, a steady state
d transport is only ompatible with zero harge density and ohmi re-
sistivity within FA, but harge aumulation and non-ohmi behavior are
neessary for ondution over CA. The approximate analyti solutions are
obtained for harateristi regimes (low or high harge density) of suh
ondution. Also non-stationary proesses are onsidered, displaying a
peuliar ombination of two strongly dierent relaxation times. The om-
parison is done with the available transport data on similar experimental
systems.
PACS: 73.40.Gk, 73.50.-h, 73.61.-r
1 Introdution
Granular (inluding nanogranular) systems are of a onsiderable interest for
modern tehnology due to their new physial properties, like giant magnetore-
sistane [1℄, Coulomb bloade [2℄,[3℄ or high density magneti memory [4℄, im-
possible for lassial materials. The systems of our interest here are omposed
∗
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from nanosopi (spherial) metalli partiles embedded into insulating matrix,
and various existing experimental tehniques result in ordered or disordered,
mono- or polydispersed, single- or multilayered strutures [5℄. They are of no
less interest from the point of view of fundamental study. In partiular, trans-
port phenomena in granular systems reveal ertain harateristis whih an-
not be obtained neither in lassial ow regime (in metalli, eletrolyte, or gas
disharge ondution) nor in hopping regime (in doped semiondutors or in
ommon tunnel juntions). Their speis is mainly determined by the dras-
ti dierene between the harateristi time of an individual tunneling event
(∼ h¯/ε
F
∼ 10−15 s) and the interval between suh events on the same granule
(∼ e/(jd2) ∼ 10−3 s, at typial urrent density j ∼ 10−3 A/m2 and granule
diameter d ∼ 5 nm). Other important moments are the sizeable Coulomb harg-
ing energy Ec ∼ e2/εeffd (typially ∼ 10 meV) and the fat that the tunneling
rates aross the layer may be even several orders of magnitude slower than along
it. The interplay of all these fators leads to unusual marosopi eets, thus,
a peuliar slow relaxation of eletri harge was reently disovered in experi-
ments on tunnel ondution through granular layers and granular lms [6℄,[7℄.
For theoretial desription of suh proesses we use the model of a single layer
of idential spherial partiles loated in sites of a simple square lattie, with
three possible harging states (±, or 0) of a granule and three kineti proesses
(reation or reombination of a ± pair, and harge translation) between neigh-
bor granules, and even suh simple model reveals a variety of possible dynamial
and thermodynamial regimes, to be presented below.
The detailed formulation of the model, its basi parameters, and its mean-
eld ontinuum version are given in Se. 2. Next in Se. 3 we alulate the mean
values of oupation numbers of eah harging state for steady state onditions,
inluding the simplest equilibrium situation (no applied elds), in funtion of
temperature. The analysis of urrent density and related kineti equation in
the out-of-equilibrium ase is developed in Se. 4, where also its simple solution
is disussed for the FA part of the system. The most non-trivial regimes are
found for the CA part, as desribed in Se. 5 for steady state ondution with
harge aumulation and non-ohmi behavior. At least, some non-stationary
solutions are onsidered in Se. 6, either obtained straightforwardly from the
time-dependent kineti equation or estimated from a simplied equivalent ir-
uit. The general integration sheme for non-linear dierential equation, orre-
sponding to steady state in CA, and the partiular approximations leading to
its analyti solutions are dropped into Appendix.
2 Charging states and kineti proesses
We onsider a system of idential spherial metalli nanogranules of diameter
d, loated in sites of simple square lattie of period a within a layer of thikness
b ∼ a of insulating host with dieletri onstant ε (Fig. 1). In the harge transfer
proesses, granules an bear dierent numbers σ of eletrons in exess (or deit)
to the onstant number of positive ions, so that the resulting exess harge σe
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denes a ertain Coulomb harging energy Ec. At low enough temperatures,
whih are implied in what follows, the onsideration an be limited, besides
the ground neutral state σ = 0, only to single harged states σ = ±1. For
the latter ase, Ec was given in the lassi paper by Sheng and Abeles [8℄ in
the form Ec = e
2f(s/d)/(εd), where s is the mean spaing between granules
and the dimensionless funtion f(z) was estimated for a 3D granular array as
f(z) = 1/(1+1/2z). Otherwise, the mutual dieletri response of 3D insulating
host (εh = ε) with volume fration f < 1 of metalli partiles (εm → ∞) an
be haraterized by an eetive value εeff = ε/(1 − f). For the planar lattie
of granules, this eetive onstant an be estimated, summing the own energy
e2/εd of a harged granule at site 0 with the energy of its interation with
eletri dipolar moments ≈ (e/εeff )(d/2n)3n, indued in eah granule at site
n = a(n1, n2):
Ec =
e2
d
[
1
ε
− α
εeff
(
d
a
)4]
=
e2
εeffd
. (1)
Here the onstant α = (a4/8)
∑
n 6=0 n
−4 ≈ 0.92, and the resulting εeff = ε(1 +
α(d/a)4). However, Eq. 1 may underestimate onsiderably the most important
sreening from nearest neighbor granules at d → a, and in what follows we
generally haraterize the omposite of insulating matrix and metalli granules
by a ertain εeff = e
2/dEc ≫ ε.
Following the approah proposed earlier [6℄, we lassify the mirosopi states
of our system, attributing the harging variable σn with values ±1 or 0 to eah
site n and then onsidering three types of kineti proesses between two neighbor
granules n and n+∆ (Fig. 2):
1) eletron hopping from neutral n to neutral n + ∆, reating a pair of
oppositely harged granules: (σn = 0, σn+∆ = 0)→ (σn = −1, σn+∆ = 1), it is
only this proess that was inluded in Sheng and Abeles' theory;
2) hopping of an extra eletron (hole) from n to neutral n+∆, that is harge
transfer: (σn = 1, σn+∆ = 0) → (σn = 0, σn+∆ = 1), or (σn = −1, σn+∆ =
0)→ (σn = 0, σn+∆ = −1);
3) an inverse proess to 1), that is reombination of a pair: (σn = 1, σn+∆ =
−1)→ (σn = 0, σn+∆ = 0).
Note that all the proesses 1) to 3) are onserving the total system harge
Q =
∑
n
σn, hene the possibility for harge aumulation or relaxation only
appears due to urrent leads. A typial onguration for urrent-in-plane (CIP)
tunneling ondution inludes two marosopi metalli eletrodes on top of the
granular layer, forming ontat areas (CA) where the urrent is being distributed
from the eletrodes into granules through an insulating spaer of thikness b′,
and a free area (FA) where the urrent propagates between the ontats (Fig.
3). To begin with, let us onsider a simpler ase of FA while the spei analysis
for CA with an aount for sreening eets by metalli ontats will be given
later in Se. 5.
The respetive transition rates qi for the proesses 1) to 3) are determined
either by the instantaneous harging states of two relevant granules and by the
3
loal eletri eld Fn and temperature T , aordingly to the expressions:
q
(1)
n,∆ =
(
1− σ2
n
) (
1− σ2
n+∆
)
ϕ (eFn ·∆+ Ec) , (2)
q
(2)
n,∆ = σ
2
n
(
1− σ2
n+∆
)
ϕ (−eFn ·∆) ,
q
(3)
n,∆ =
σnσn+∆ (σnσn+∆ − 1)
2
ϕ (eσn+∆Fn ·∆− Ec) .
Here the harging energy is taken positive, Ec, for pair reation, zero for trans-
port, and negative,−Ec, for reombination. The funtion ϕ (E) = ωN
F
E/(eβE−
1) expresses the total probability, at given β = 1/k
B
T , for eletron transition
between granules with Fermi density of states N
F
and Fermi levels diering by
E. The hopping frequeny ω = ωae
−2χs
is expressed through the attempt fre-
queny ωa ∼ ε
F
/h¯, the inverse tunneling length χ (typially ∼ 10 nm−1), and
the intergranule spaing s = a− d. Loal eletri eld Fn on nth site onsists
of the external eld Fext and the Coulomb eld F
Coul
n
due to all other harged
granules (from FA):
FCoul
n
=
e
εeff
∑
n
′ 6=n
σn′
n′ − n
|n′ − n|3 . (3)
A suitable approximation for suh a system is ahieved with passing from
disrete-valued funtions σn of disrete argument n = a(n1, n2) to their ontinuous-
valued mean-eld (MF) equivalents σ(r) = 〈σn〉r (mean harge density) and
ρ(r) =
〈
σ2
n
〉
r
(mean harge arrier density), obtained by averaging over a wide
enough (that is, great ompared to the lattie period but small ompared to the
size of entire system or its parts) area around r, the latter being any point in
the plane. This also implies passing to smooth loal eld:
F(r) = Fext +
e
εeffa2
∫
σ(r′)
r′ − r
|r′ − r|3 dr
′. (4)
and to averaged transition rates q(i)(r,∆) =
〈
q
(i)
n,∆
〉
r
and p(i)(r,∆) =
〈
σnq
(i)
n,∆
〉
r
.
These rates just dene the temporal evolution of mean densities:
σ˙(r) =
∑
∆
[
q(1)(r,∆)− q(1)(r+∆,−∆)− p(2)(r,∆)+ (5)
+p(2)(r+∆,−∆)− p(3)(r,∆)
]
,
ρ˙(r) =
∑
∆
[
q(1)(r,∆) + q(1)(r+∆,−∆)− q(2)(r,∆)+ (6)
+q(2)(r+∆,−∆)− q(3)(r,∆)
]
.
The set of Eqs. 2-6 is omplete to provide a ontinuous desription of the
onsidered system, one a proper averaging proedure is established.
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3 Mean-eld densities in equilibrium
We perform the above dened averages in the simplest assumption of no or-
relations between dierent sites: 〈fngn′〉 = 〈fn〉 〈gn′〉, n′ 6= n, and using the
evident rules:
〈
σ2k+1
n
〉
r
= σ(r),
〈
σ2k
n
〉
r
= ρ(r). The resulting averaged rates are:
q(1)(r,∆) = σ0(r)σ0(r+∆)ϕ [eF(r) ·∆+ Ec] , (7)
q(2)(r,∆) = σ0(r+∆)
{
σ+(r)ϕ [−eF(r) ·∆] + σ−(r)ϕ [eF(r) ·∆]} ,
p(2)(r,∆) = σ0(r +∆)
{
σ+(r)ϕ [−eF(r) ·∆]− σ−(r)ϕ [eF(r) ·∆]} ,
q(3)(r,∆) =
{
σ−(r)σ+(r+∆)ϕ [eF(r) ·∆− Ec] +
+σ+(r)σ−(r+∆)ϕ [−eF(r) ·∆− Ec]
}
,
p(3)(r,∆) =
{
σ−(r)σ+(r+∆)ϕ [eF(r) ·∆− Ec]−
−σ+(r)σ−(r+∆)ϕ [−eF(r) ·∆− Ec]
}
,
where the mean oupation numbers for eah harging state σ±(r) = [ρ(r) ±
σ(r)]/2 and σ0(r) = 1− ρ(r) satisfy the normalization ondition: ∑i σi(r) = 1.
In a similar way to Eq. 5, we express the vetor of average urrent density
j (n) at nth site:
j (n) =
e
a2b
∑
∆
∆
[
−q(1)(n,∆) + q(1)(n+∆,−∆) + p(2)(n,∆)− (8)
−p(2)(n+∆,−∆) + p(3)(n,∆)
]
,
then its MF extension j(r) is obtained by simple replaing n by r in the ar-
guments of q(i) and p(i). Expanding these ontinuous funtions in powers of
|∆| = a, we onlude that Eq. 5 redues to usual ontinuity equation:
σ˙ (r) = −a
2b
e
∇2 · j (r), (9)
with the 2D nabla: ∇2 = (∂/∂x, ∂/∂y).
We begin the analysis of Eqs. 5-9 from the simplest situation of thermal
equilibrium in absene of eletri eld, F(r) ≡ 0, then Eq. 5 turns into evident
identity: σ(r) ≡ 0, that means zero harge density, and Eq. 8 yields in zero
urrent density: j(r) ≡ 0, while Eq. 6 provides a nite and onstant value of
harge arrier density:
ρ(r) ≡ ρ0 = 2
2 + exp (βEc/2)
. (10)
At low temperatures, βEc ≫ 1, this value is exponentially small: ρ0 ≈
2 exp(−βEc/2), and for high temperatures, βEc ≪ 1, it tends as ρ0 ≈ ρ∞ −
βEc/9 to the limit ρ∞ = 2/3, orresponding to equipartition between all three
frations σi (Fig. 4).
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In presene of eletri elds F(r) 6= 0, the loal equilibrium should be per-
turbed and the system an generate urrent and possibly aumulate harge.
Our further analysis is aimed to demonstrate that the latter proess is impos-
sible in FA, but, supposing for a moment a non-zero harge density σ(r), we
obtain from Eq. 6 a more general loal relation between σ(r) and ρ(r):
σ2(r) =
[ρ(r)− ρ0] [ρ(r) + ρ0 − 2ρ0ρ(r)]
1− ρ0 , (11)
desribing the inrease of harge density with going away from equlibrium (Fig.
5). Now we are in position to pass to the out-of-equilibrium situations, beginning
from a simpler ase of d urrent owing through FA.
4 Steady state ondution in FA
In presene of (generally non-uniform) elds F(r) and densities σ(r), ρ(r), we
expand Eq. 8 up to 1st order terms in |∆| = a and obtain the loal urrent
density as a sum of two ontributions, eld-driven and diusive:
j(r) = jfield(r) + jdif (r) = G [ρ(r)]F(r)− eD [ρ(r)]∇2σ(r), (12)
where the eetive ondutivity G and diusion oeient D are funtions of
loal harge arrier density ρ:
G (ρ) =
4e2 (1− ρ)
a
|ρϕ′ (0) + 2 (1− ρ)ϕ′ (Ec) + βϕ (Ec)| , (13)
D (ρ) =
(1− ρ) [ρϕ (0)− 2 (1− ρ)ϕ (Ec)]
a (ρ− σ2) . (14)
Note that ρ− σ2 in Eq. 14 is nothing but the mean square dispersion of harge
density, and it is expressed through ρ by Eq. 11. In view of this equation, we an
also onsider G and D as even funtions of loal harge density σ, and just this
dependene will be mostly used below. Also G and D depend on temperature,
through the funtions ϕ, ϕ′. The system of Eqs. 11-14, together with Eq. 4,
is losed and self-onsistent, dening the distributions of σ(r) and ρ(r) at given
j(r).
Substituting Eq. 12 into Eq. 9 and onsidering the low temperature limit
when the diusion oeient D is pratially independent of σ, we transform
the kineti equation to the form:
σ˙ − a2bD△2σ = −a
2b
e
∇2 [G(σ)F] · (15)
where the l.h.s. has an aspet of ommon 2D diusion equation and the r.h.s.
plays the role of soure (or drain) funtion. For the FA ase, with the loal eld
F dened by Eq. 4 and the only relevant oordinate being x, along the urrent
6
j(r) = const (Fig. 3), Eq. 15 under steady state ondition (σ˙ = 0) leads to a
(non-linear) integral equation for σ(x):
σ(x) =
1
eD
∫ x
0
{
G [σ(x′)]
[
Fext +
e
εeffa2
∫ L/2
−L/2
σ(x′′)
x′ − x′′ dx
′′
]
− j
}
dx′. (16)
Numeri analysis of Eq. 16 shows that there is no other its solution but the
trivial one: σ(r) ≡ 0. Hene there is no diusive ontribution to the urrent, and
the steady state of FA in out-of-equilibrium onditions has an ohmi resistivity:
r =
1
G (ρ0)
. (17)
With the parameter values a ∼ 5 nm, ω ∼ 1012 s−1, N
F
∼ 1 eV−1, Ec ∼ 10
meV, T ∼ 12 K, used in Eqs. 13, 11, we have r ∼ 50 Ω m, whih is in a
reasonable agreement with the measured resistane R ∼ 50 ÷ 100 MΩ in a 10
layer granular sample of ∼ 1× 1 m area [6℄.
5 Steady state ondution in CA
The kinetis in CA inludes, besides the proesses 1) to 3) of Se. 3, also 4
additional mirosopi proesses between nth granule and the eletrode (Fig. 6)
whih are just responsible for variations of total harge Q by ±1. The respetive
rates q(i), i = 4,. . . ,7, are also dependent on the harging state (σ, ρ) of the
relevant granule and, using the same tehniques that before for FA, we obtain
their mean values as:
q(4) = (ρ+ σ)ψ (−U − E′c) , q(5) = (ρ− σ)ψ (U − E′c) , (18)
q(6) = (1− ρ)ψ (U + E′c) , q(7) = (1− ρ)ψ (−U + E′c) .
Here the funtion ψ (E) formally diers from ϕ (E) only by hanging the pref-
ator: ω → ω′ = ωae−2χb′ ≪ ω, but the arguments of these funtions in Eq. 18
inlude other harateristi energies. Thus, U = eb′Fc is generated by the ele-
tri eld Fc between granule and ontat surfae. This eld is always normal to
the surfae (see Fig. 7) and its value is dened by the loal harge density σ. At
least, the harging energy E′c for a granule under the ontat an be somewhat
redued (e.g., by ∼ 1/2) ompared to Ec. Then the kineti equations in CA
present a generalization of Eqs. 5,6, as follows:
σ˙(r) =
∑
∆
[
q(1)(r,∆)− q(1)(r+∆,−∆)− p(2)(r,∆)+ (19)
+p(2)(r+∆,−∆)− p(3)(r,∆) − q(4)(r) + q(5)(r) + q(6)(r)− q(7)(r)
]
,
ρ˙(r) =
∑
∆
[
q(1)(r,∆) + q(1)(r+∆,−∆)− q(2)(r,∆)+
7
+q(2)(r+∆,−∆)− q(3)(r,∆)− q(4)(r)− q(5)(r) + q(6)(r) + q(7)(r)
]
.
The additional terms, by the normal proesses 4 to 7, are responsible for
appearane of a normal omponent of urrent density:
jz (r) =
eb
a2b
[
q(4)(r) − q(5)(r)− q(6)(r) + q(7)(r)
]
, (20)
besides the planar omponent, still given by Eq. 8. But even more important
dierene from the FA ase onsists in the fat that the Coulomb eld here
is formed by a double layer of harges, those of granules themselves and their
images in the metalli eletrode (Fig. 7). Summing the ontibutions from all
the harged granules and their images (exept for the image of nth granule
itself, already inluded in the energy E′c), we arrive at the expression for the
above mentioned eld Fc at the ontat surfae as a loal funtion of the harge
density σ(r):
Fc(r) = F
Coul(r, z = b′) = −4pieσ(r)
εeffa2
, (21)
(instead of integral relations, Eqs. 3,4, in FA). Then, the planar omponent
of the eld by harged granules Fpl(r) = F
Coul(r, z = 0) is determined by the
above dened normal eld Fc through the relation Fpl(r) = b
′∇2Fc(r). The
density of planar urrent is jpl(r) = GFpl(r) − eD∇2σ(r), aordingly to Eq.
12, that is both eld-driven and diusive ontributions into jpl are present here
and both they are proportional to the gradient of σ(r). In the low temperature
limit, this proportionality is given by:
jpl(r) ≈ −
{
8pie3ωN
F
b′
εeffa3
g [σ(r)] +
eωN
F
k
B
T
a
}
∇2σ(r). (22)
Note that presene of a non-linear funtion:
g (σ) =
√
ρ20 + σ
2 − ρ20 − σ2, (23)
denes a non-ohmi ondution in CA. In fat, this funtion should be given
by Eq. 23 up to maximum possible harge density |σmax| =
√
1− ρ20, turning
zero for |σ| > |σmax| (note that the latter restrition just orresponds to our
initial limitation to the single harged states, see Se. 2). In the same limit of
low temperatures, the normal urrent density is obtained from Eqs. 18,20 as
jz(r) = GzFc(r) where Gz ≈ ω′N
F
E′cεeff/4pi. Finally, the kineti equation in
this ase is obtained, in analogy with Eq. 9, as:
σ˙ (r) = −a
2b
e
∇2 · jpl(r) + a
2
e
jz(r). (24)
This equation permits to desribe the steady state ondution as well as various
time dependent proesses. The rst important onlusion is that steady state
ondution in CA turns only possible at non-zero harge density gradient, that
8
is, neessarily involving harge aumulation, in ontrast to the above onsidered
situation in FA.
Let us begin from the steady state regime whih is simpler, in order to use the
obtained results later for the analysis of a more involved ase when an expliit
temporal dependene of harge density is inluded in Eq. 24.
We hoose the CA geometry in the form of a retangular stripe of planar
dimensions L × L′, along and aross the urrent respetively. In neglet of
relatively small eets of urrent non-uniformity along the lateral boundaries,
the only relevant oordinate for the problem is longitudinal, x (Fig. 8). In the
steady state regime, the temporal derivative σ˙ in Eq. 24 is zero and the total
urrent I = const, dened by the ation of external soure. Then, using Eq.
23, we arrive at a non-linear 2nd order equation for harge density:
d
dx
{g [σ (x)] + τ} dσ (x)
dx
− k2σ (x) = 0. (25)
The parameters in Eq. 25 are: k2 = (ω′E′c)/(abωk
B
T1) and τ = T/T1, where
T is the atual temperature and T1 = 8pie
2b′/a2bεeff . To dene ompletely its
solution, the following boundary onditions are imposed:
dσ (x)
dx
∣∣∣∣
x=0
=
k2b′σ (x = 0)
g [σ (0)] + τ
(26)
dσ (x)
dx
∣∣∣∣
x=L
=
a
LeωbN
F
k
B
T1
I
g [σ (x = L)] + τ
(27)
The ondition 26 orresponds to the fat that the longitudinal urrent jx at
the initial point of CA (the leftmost in Fig. 8) is fully supplied by the normal
urrent jy entering from the ontat to granular sample, and the ondition 27
orresponds to urrent ontinuity at passing from CA (of length L along the
urrent) to FA.
Let us disuss the solution of Eq. 25 qualitatively. Generally, to fulll
the onditions, Eqs. 26,27, one needs a quite subtle balane to be maintained
between the harge density and its derivatives at both ends of CA. But the
situation is radially simplied when the length L is muh greater than the
harateristi deay length for harge and urrent density: kL ≫ 1. In this
ase, the relevant oordinate is ξ = L − x, so that the boundary ondition 26
orresponds to ξ = L→∞, when both its left and right hand side turn zeros:
σ (ξ)|ξ→∞ = 0,
dσ (ξ)
dξ
∣∣∣∣
ξ→∞
= 0. (28)
The numeri solution shows that, for any initial (with respet to ξ, that is related
to x = L, Eq. 27) value of harge density σ (ξ = 0) = σ0, there is a unique initial
value of its derivative dσ (ξ) /dξ|ξ=0 = D(σ0) whih just assures the limits 28,
while for dσ (ξ) /dξ|ξ=0 > D(σ0) the asymptoti value diverges as σ (ξ →∞)→
∞, and for dσ (ξ) /dξ|ξ=0 < D(σ0) it diverges as σ (ξ →∞) → −∞. Then,
using the boundary ondition 27 and taking into aount the relation V = V0σ0
9
following from Eq. 21 with V0 = 4pieb
′/(εeffa
2), we onlude that the funtion
D(σ0) generates the I -V harateristis for CA:
I = I1b
′D (V/V0) [g (V/V0) + τ ] (29)
where I1 = eωN
F
k
B
T1.
A more detailed analysis of Eq. 25 is presented in Appendix. In partiular,
for the weak urrent regime (regime I) when σ0 ≪ σ1 =
√
32ρ0(ρ0 + τ) ≪ 1,
so that g(σ) ≈ ρ0 + σ2/2ρ0 along whole CA, Eq. 25 admits an approximate
analyti solution:
σ (ξ) = σ0e
−λξ
[
1 + 6
(
σ0
σ1
)2 (
1− e−2λξ)
]
, (30)
with the exponential deay index λ = k/
√
ρ0 + τ . This results in the expliit
I -V harateristis for regime I:
I =
V
R0 (τ)
[
1 +
(
V
V1
)2]
, (31)
presented by the line 1 in Fig. 9. For V < V1 = σ1V0, Eq. 31 desribes the
initial ohmi resistene (dependent on temperature τ):
R0 (τ) =
V0
I1kb′
√
ρ0 (τ) + τ
, (32)
whih turns non-ohmi for V ∼ V1. But at so high voltages another ondution
regime already applies (alled regime II), where σ1 ≪ σ0 ≪ 1 and one has
g(σ) ≈ σ (see Eq. 23). Following the same reasoning as for the regime I, we
obtain a non-linear I -V harateristis for regime II:
I ≈ I1kb
′
√
3
(
V
V0
+ τ
)3/2
, (33)
presented by the line 2 in Fig. 9. This law is weaker temperature dependent
than Eq. 31, whih relates to the fat that the ondutane in regime II is
mainly due to dynamial aumulation of harge and not to thermi exitation of
harge arriers. However, suh dependene an be more pronouned if multiple
harging states are engaged, as may be the ase in real granular layers with a
ertain statistial distribution of granule sizes present.
At least, for even stronger urrents, when already σ0 ∼ 1, the solutions of
Eq. 25 an be obtained numerially, following the above disussed proedure of
adjustment of the derivative D(σ0) to a given σ0. Suh solutions dene the line
3 in Fig. 9, whih generally agrees with the lines 1 and 2, but its asymptotis
turns to I ∼ V 5/4.
A simple and important exat relation for the total aumulated harge Q
in CA is obtained from the diret integration of Eq. 25:
Q = τI, (34)
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where the parameter τ = 1/ψ (−E′c) has a role of harateristi relaxation time
in non-stationary proesses, as will be seen below. Assuming its value τ ∼ 1 s
(omparable with the experimental observations [6℄), together with the above
used values of ω and T1, we onlude that the harateristi length sale λ
−1
for solutions of Eq. 25 an reah up to ∼ 104a ∼ 0.1 mm, whih is a reasonable
sale for a harge distribution beneath the ontats.
6 Time-dependent proesses
Now we an extend our analysis also to a non-stationary situation. Atually, let
us onsider the simplest example of this type, that of interrupting the iruit of
Fig. 3 at the moment t0 = 0, after an innitely long steady state with urrent
I. Beginning from this moment, the onstant value is not the total urrent, as
was the ase in Se. 3, but the total harge in the overall system omposed
by the granular sample itself and eletrodes (in fat, this total value is zero
and it orresponds to the uniform distribution σ(r,∞) ≡ 0 in the asymptoti
limit t → ∞). We use the same 1D geometry and, aordingly to the above
mentioned absene of harges in FA, limit ourselves only to onsideration of CA.
The initial distribution σ(x), orresponding to the steady state, will degrade at
t > t0, at the expense of reombination of harges aumulated in granules
beneath the ontat with the polarization harges on the ontat surfae (the
image harges). This proess is desribed by Eq. 24, subjet to the initial
ondition σ(x, t = t0) ≡ 0 and the boundary onditions:
σ˙ (L, t) = −σ (L, t)
τ
+
g [σ (x, t)] + τ
τbk2
dσ (x, t)
dx
∣∣∣∣
x=L
+
I − CV˙
eL′b
, (35)
σ˙ (0, t) = −σ (0, t)
τ
− g [σ (x, t)] + τ
τbk2
dσ (x, t)
dx
∣∣∣∣
x=0
, (36)
where V and C are respetively the voltage and apaitane between the on-
tats. In similarity with the above onsidered steady state ase, the non-
stationary Eq. 24 with the boundary onditions, Eqs. 35,36, an be solved
numerially, in fat presenting an exponential deay with harateristi time
∼ τ (the orresponding plot not shown here).
But a more transparent desription of dynamial proesses in the onsidered
system is ahieved with using the equivalent iruit (Fig. 10), following from
the previous analisis. Here R represents the resistene of FA, whih is ohmi
(due to the absene of harges) but strongly temperature dependent. The two
resistanes R′ assoiated to eah CA are already non-ohmi, as seen from Eqs.
22,23, due to the aumulated harge Q. The proportionality between Q and
the urrent I
CA
through CA, Eq. 34, together with the simplifying assumption
of uniform harge distribution over the retangular CA, permits to express this
non-ohmi behavior through the funtion g given by Eq. 23:
R′
(
I
CA
)
=
R0
g
(
I
CA
/I0
) . (37)
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Here the resistane sale R0 = aL/(4bL
′e2ϕ′ (0)) an be xed by a diret om-
parison with the experimentally measured steady state resistane of the whole
iruit, and the urrent sale I0 = eLL
′/(τa2) is about 1 µ.A for L ∼ L′ ∼ 1
m and a ∼ 5 nm. The respetive apaities have the orders of magnitude:
C1 ∼ L (apaity between the eletrodes through FA) and C2 ∼ LL′/b (apa-
ity between an eletrode and adjaent granular layer), hene C1 ≪ C2. Then
the temporal evolution of the system is given by the equations for voltages V1
and V2 on them:
V˙1 =
2V2 − V1
RC
, (38)
V˙2 =
V1
RC′
−
(
2
RC′
+
g (V2)
C′
)
V2,
The numeri solution to this equivalent system with initial onditions V1(0) =
V , V2(0) = (V − IR1)/2, adequate to the onsidered disharge regime, is pre-
sented in Fig. 11. It an be noted that the harater of deay is very similar
to that obtained with the exat kineti equation, Eq. 24. Another intersting
moment is the presene of two relaxation times seen in a log plot (lower panel
of Fig. 11). The initial disharge phase, with the strongest urrent through CA
and the lowest resistane R′ (by Eq. 37), has a very fast deay whereas the nal
phase has a muh slower relaxation rate, due to the growth of R′. This behav-
ior also agrees with the experimental observations at swithing o the urrent
through a granular layer [6℄, revealing two strongly dierent relaxation times,
the faster one being temperature dependent.
The relatively simple non-linear system, Eqs. 38, an be also used for treat-
ing more ompliate transient proesses.
7 Appendix
Let us onsider the equation:
d
dξ
[g (σ) + τ ]
dσ
dξ
− k2σ = 0 (39)
with ertain boundary onditions σ(0) = σ0, σ
′(0) = σ′0, resulting from Eqs.
26,27. For a rather general funtion g (σ) we an dene the funtion
f (σ) =
∫ σ
0
g (σ′) dσ′, (40)
then Eq. 39 presents itself as:
d2F (ξ)
dξ2
= k2σ (ξ) , (41)
where F (ξ) ≡ f [σ(ξ)] + τσ(ξ). Considered irrespetively of ξ:
f(σ) + τσ = F, (42)
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this equation also denes σ as a ertain funtion of F : σ = σ(F ). Hene it is
possible to onstrut the following funtion:
ϕ (F ) = 2
∫ F
0
σ(F ′)dF ′. (43)
Now, multiplying Eq. 41 by 2dF/dξ, we arrive at the equation:
d
dξ
(
dF
dξ
)2
= k2
dϕ
dξ
, (44)
with ϕ(ξ) ≡ ϕ[F (ξ)]. Integrating Eq. 44 in ξ, we obtain a 1st order separable
equation for F (ξ):
dF
dξ
= ±k
√
ϕ(F ). (45)
We expet the funtion F to derease at going from ξ = 0 into depth of CA,
hene hoose the negative sign on r.h.s. of Eq. 45 and obtain its expliit solution
as ∫ F0
F (ξ)
dF ′√
ϕ(F ′)
= kξ (46)
with F0 = f(σ0) + τσ0. Finally, the sought solution for σ(ξ) = σ[F (ξ)] results
from substitution of the funtion F (ξ), given impliitly by Eq. 46, into σ(F )
dened by Eq. 42. Consider some partiular realizations of the above sheme.
For the funtion g(σ) given by Eq. 23, we have the expliit integral, Eq. 40,
in the form:
F (σ) = f (σ) + τσ =
(
τ +
√
ρ20 + σ
2
2
− ρ20 −
σ2
3
)
σ + ρ20 ln
√
σ +
√
ρ20 + σ
2
ρ0
.
(47)
In the ase σ ≪ ρ0 ≪ 1 (regime I), Eq. 47 is approximated as:
F ≈ (ρ0 + τ) σ + σ
3
6ρ0
(48)
hene σ(F ) orresponds to a real root of the ubi equation, Eq. 48, and in the
same approximation of regime I it is given by:
σ (F ) ≈ F
ρ0 + τ
(
1− 8F
2
σ21
)
, (49)
with σ1 = 4
√
ρ0(ρ0 + τ)3. Using this form in Eq. 43, we obtain:
ϕ (F ) ≈ F
2
ρ0 + τ
(
1− 4F
2
σ21
)
, (50)
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and then substituting into Eq. 46:
ln
[
1 +
√
1− (2F/σ1)2
]
F0[
1 +
√
1− (2F0/σ1)2
]
F
= λξ. (51)
Inverting this relation, we dene an expliit solution for F (ξ):
F (ξ) ≈ F0e−λξ
[
1 +
F 20
σ21
(
1− e−2λξ)] . (52)
Finally, substituting Eq. 52 into Eq. 49, we arrive at the result of Eq. 30
orresponding to Fig. 12.
For the regime II we have in a similar way:
F (σ) ≈ σ (τ + σ/2) , σ (F ) ≈
√
2F + τ2 − τ, (53)
ϕ (F ) ≈ 2
3
[(
2F + τ2
)3/2 − τ (3F + τ2)] , F (ξ) ≈

F 1/40 − λ1ξ + 3τ
25/4
(
F
1/4
0 − λ1ξ
)


4
,
with λ1 = 2
1/4k/(4
√
3), obtaining the harge density distribution (Fig. 13e):
σ (ξ) ≈ (√σ0 + τ − λ1ξ)2 − τ. (54)
This funtion seems to turn zero already at ξ = (
√
σ0 + τ −
√
τ )/λ1, but in fat
the fast paraboli deay by Eq. 54 only extends to ξ ∼ ξ∗, suh that σ(ξ∗) ∼ ρ0,
and for ξ > ξ∗ the deay turns exponential, like Eq. 30. The I -V harateristis,
Eq. 33, follows diretly from Eq. 54.
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Fig.2: Kineti proesses in a granular layer.
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Fig.3: CIP ondution geometry.
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Fig.4: Equilibrium density 
0
of harge arriers in funtion of tem-
perature (solid line). The urve 1 (dashed line) orresponds to low
temperature assymptotis 
0
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T ), and the urve
2 (dash-dotted-line) to high temperature assymptotis 
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Fig.5: Relation between loal harge density  and harge arrier
density  (both normalized to the thermal equilibrium value 
0
).
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Fig.6: Kineti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esses between nth granule and metalli eletrode
in CA.
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Fig.7: Formation of loal eletri eld by harged granules and their
images at the surfae of metalli eletrode (point a) and between the
granules (point b).
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Fig.8: Relations between nth longitudinal (j
x
) and normal (j
z
) ur-
rents in CA.
3
Fig.9: I-V harateristis for CA, line 1 (short dashes) for regime
1, line 2 (dash-and-dot) for regime 2, and line 3 (solid) for numeri
solution of Eq. 24.
Fig.10: Equivalent iruit for transient regimes of CIP ondutane.
1
Fig.11: Charge relaxation at disonneting the steady state iruit.
Log plot (lower panel) reveals two strongly dierent relaxation times.
2
Fig.12 : Charge density and urrent distribution in CA(regime I).
1
Fig.13: Charge density in regime II. A fast deay by Eq.53 is
hanged to a slower exponential law, Eq.29, after density dropping
below the harateristi value 
0
.
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